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Abstract
We show that: (1) If (G1,O1) is a finitely generated divisibility group that is not lattice ordered and if
(G2,O2) is a divisibility group such that Card(G2) > Card(R), then the product (G1,O1) × (G2,O2) is
not a divisibility group.
(2) If (G1,O1) is a torsion free finitely generated divisibility group and if (G2,O2) is a lattice ordered
group with only finitely many ultra filters, then the product (G1,O1) × (G2,O2) is a divisibility group if
and only if Card(G2) Card(R).
(3) If (G1,O1) and (G2,O2) are both torsion free finitely generated divisibility groups, then the product
(G1,O1)× (G2,O2) is a divisibility group.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let D be a domain and K its quotient field. Let K∗ be the multiplicative group of the non-zero
elements of K and U(D) the multiplicative subgroup of the invertible elements of D. The group
of divisibility G(D) of the domain D is the quotient group K∗/U(D) endowed with the partial
order
x, y ∈ K∗, xU(D) yU(D) ⇔ yx−1 ∈ D.
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of D.
In general, if G is an ordered group, we shall write (G,O) to denote the group G together
with its cone of positive elementsO. Thus, the above divisibility group G(D) can also be denoted
by (K∗/U(D),D∗/U(D)). We shall write G0(D) to denote the group G(D) without its order
structure, i.e., to denote the group K∗/U(D).
An ordered group (G,O) is said to be a divisibility group if there exists a domain D with
quotient field K such that G(D) := (K∗/U(D),D∗/U(D)) is order isomorphic to (G,O).
In this paper, we shall consider the following old question:
Question Q. Let (G1,O1) and (G2,O2) be two divisibility groups. Then, is the cartesian prod-
uct (G1,O1)× (G2,O2) a divisibility group?
(Here, (G1,O1)× (G2,O2) stands for (G1 ×G2,O1 ×O2).)
The most basic examples of divisibility groups are the lattice ordered groups (result of Jaffard
in [7]) and among them, the totally ordered groups (result of Krull in [10]). If both (G1,O1) and
(G2,O2) are lattice ordered groups, it is straightforward to check that (G1 × G2,O1 ×O2) is
lattice ordered; then, by Jaffard’s result, (G1 ×O2,O1 ×O2) is a divisibility group. Question Q
is therefore reduced to the case where at least one of the two groups is a divisibility group that is
not lattice ordered.
In Section 1 of the paper, we show that the cartesian product of two divisibility groups is not a
divisibility group in general. Indeed, we prove that if (G1,O1) is a finitely generated divisibility
group that is not lattice ordered and if (G2,O2) is any divisibility group such that Card(G2) >
Card(R), then (G1,O1) × (G2,O2) is not a divisibility group. As a consequence of this result,
we obtain that the “good behavior” of the divisibility property with respect to the product is in
some way a characterization for a finitely generated ordered group (G1,O1) to be lattice ordered:
(G1,O1) is lattice ordered if and only if for every totally ordered group (G2,L2), the product
(G1,O1)× (G2,O2) is a divisibility group.
In Section 2, we show that the answer to Question Q can be cardinality sensitive. Indeed, we
prove that if (G1,O1) is a torsion free finitely generated divisibility group and if (G2,O2) is
any lattice ordered group with only finitely many ultra filters (for example, if (G2,O2) is any
totally ordered group), then the product (G1,O1) × (G2,O2) is a divisibility group if and only
if Card(G2) Card(R).
In Section 3, we show that if (G1,O1) and (G2,O2) are both torsion free finitely generated
divisibility groups, then the product (G1,O1)× (G2,O2) is a divisibility group.
In this paper, all the rings are commutative. If B is a ring, U(B) denotes its group of invertible
elements whereas B∗ denotes its set of non-zero elements. The set of maximal ideals of B is
denoted by Max(B). If # Max(B) = 1, we say that B is quasi-local; if # Max(B) < ∞, we say
that B is semi-quasi-local. A domain B is a Bezout domain if every finitely generated ideal is
principal. If A is a set, Card(A) denotes the cardinality of A.
2. The product of two divisibility groups needs not be a divisibility group
The objective of this section is to show that in general, Question Q has a negative answer:
Theorem A. Let (G1,O1) be a finitely generated divisibility group that is not lattice or-
dered. Then, for every divisibility group (G2,O2) such that Card(G2) > Card(R), the product
(G1,O1)× (G2,O2) is not a divisibility group.
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to be lattice ordered:
Theorem 2.1. Let (G1,O1) be a finitely generated divisibility group. Then, the following state-
ments are equivalent:
(i) (G1,O1) is lattice ordered.
(ii) For every totally ordered group (G2,L2), the product (G1,O1) × (G2,L2) is a divisibility
group.
(iii) For every lattice ordered group (G2,L2), the product (G1,O1) × (G2,L2) is a divisibility
group.
Proof. (i) → (iii). The product of two lattice ordered group is a lattice ordered group, hence is a
divisibility group by [7, Theorem 1, p. 264].
(iii) → (ii). This is clear.
(ii) → (i). This is given by Theorem A. 
In order to prove Theorem A, we shall need some preliminary results.
Theorem 2.2. Let (G1,O1) and (G2,O2) be two ordered groups such that (G1,O1)× (G2,O2)
is a divisibility group. Then:
(a) (G1,O1) and (G2,O2) are divisibility groups.
(b) If R is a domain with quotient field K such that its divisibility group G(R) is order isomor-
phic to (G1,O1)× (G2,O2), there exists two domains R1 and R2 contained in K such that
R = R1 ∩R2, G(R1)  (G1,O1) and G(R2)  (G2,O2).
Proof. In order to abide with tradition, we shall write additively the operations of G1, G2 and
G1 ×G2. Evidently, part (a) is a consequence of part (b).
By hypothesis, there exists an order-isomorphism ρ from the ordered group G(R) :=
(K∗/U(R),R∗/U(R)) to the ordered group (G1 × G2,O1 ×O2). Let ϕ :K∗ → K∗/U(R) be
the canonical homomorphism, v := ρ ◦ ϕ :K∗ → G1 × G2 the composition of ϕ with ρ and for
i = 1,2, let pi :G1 ×G2 → Gi be the projection. It is immediate to see that ϕ is a group homo-
morphism that satisfies the following property: ∀x, y ∈ K∗ such that x + y = 0, ϕ(x + y) ϕ(z)
for every z ∈ K∗ such that ϕ(z) ϕ(x), ϕ(z) ϕ(y).
Since ρ is an order isomorphism, we then obtain that v is a semi-valuation of K , i.e., that v
satisfies the following three conditions:
(1) ∀x, y ∈ K∗, v(xy) = v(x)+ v(y),
(2) ∀x, y ∈ K∗ such that x + y = 0,
v(x + y) γ for every γ ∈ G1 ×G2 such that γ  v(x), γ  v(y),
(3) v(−1) = 0.
We claim that for i = 1,2, the map pi ◦ v :K∗ → Gi is a semi-valuation of K also. That condi-
tions (1) and (3) are satisfied is immediate. Let us check that condition (2) is also satisfied. We
do this for i = 1. Write{
v(x) = (a, b) ∈ G1 ×G2, hence p1 ◦ v(x) = a,
v(y) = (c, d) ∈ G1 ×G2, hence p1 ◦ v(y) = c.
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(G2,O2) is a divisibility group, then in particular it is filtered [5, Proposition (1.6.7), p. 178]
and therefore there exists (f, e) ∈ (G1 × G2) such that (f, e) (a, b), (f, e) (c, d), hence in
particular such that e b, e d . We then have:
{
(α, e) (α, b) (a, b) = v(x),
(α, e) (α, d) (c, d) = v(y)
hence v(x + y)  (α, e) since v satisfies property (2), hence p1 ◦ v(x + y)  α. Thus p1 ◦ v
satisfies property (2). Similarly, p2 ◦ v satisfies property (2) and our claim is proved.
Let R1 := (p1 ◦ v)−1(O1) ∪ {0} = v−1(O1 × G2) ∪ {0}. Since p1 ◦ v satisfies properties
(1)–(3), it is routine to check that R1 is a subring of K and that ker(p1 ◦ v) = U(R1). Of course,
p1 ◦ v(K∗) = G1 and p1 ◦ v(R∗1) =O1. Thus (K∗/U(R1),R∗1/U(R1))  (G1,O1). Finally, it
is clear that R1 contains v−1(O1 ×O2) ∪ {0} = R, hence that K is the quotient field of R1 and
therefore that G(R1) = (K∗/U(R1),R∗1/U(R1))  (G1,O1).
Similarly, taking R2 := (p1 ◦ v)−1(O2)∪ {0}, we have G(R2)  (G2,O2).
Finally, we have R = v−1(O1 × O2) ∪ {0} = v−1(G1 × O2) ∩ v−1(O1 × G2) ∪ {0} =
R1 ∩R2. 
Lemma 2.3 (Krull). Let V be a valuation ring, K its quotient field, k its residue field and Γ its
value group. Let S := k[[X]]Γ be the set of the generalized formal series with coefficients in k
and exponents in Γ . Then:
(a) Card(K) Card(S).
(b) If Card(k) Card(R) and Γ is denumerable, Card(K) Card(R).
Proof. (a) See [10, Satz 25, p. 192] or [14, Lemma 1, p. 80].
(b) By definition, S is the set of expressions of the type ∑γ∈Γ sγXγ where
• sγ ∈ k for every γ ∈ Γ ,
• supp(s) := {γ ∈ Γ ; sγ = 0} is well ordered with the order of Γ .
Since Γ is denumerable, then Card({Γ1;Γ1 ⊆ Γ, Γ1 well ordered}) Card(R). Since Card(k)
Card(R) and since Γ is denumerable, then Card(kΓ1) Card(R) for every well ordered subset
Γ1 of Γ . Thus, we have
Card(S) = Card
( ⋃
Γ1⊆Γ
Γ1 well ordered
kΓ1
)
 Card
(
R
2)= Card(R). 
Proposition 2.4. Let R be a domain and K its quotient field. If the divisibility group of R is
finitely generated, not lattice ordered, then:
(a) There exists M ∈ Max(R) such that R/M is finite.
(b) Card(K) Card(R).
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domain [5, Theorem (16.2), p. 174], hence a fortiori, R is not a Bezout domain. Since G(R) is
finitely generated, R is a Bezout domain by [6, Theorem 2.1, p. 232] or [1, Theorem 0, p. 614].
Thus R = R and there exists M ∈ Max(R) such that RM is not a valuation ring, hence such that
R/M is finite [6, Corollary 3.6, p. 238] or [1, Theorem 0, p. 614].
(b) Let M¯ be a maximal ideal of R lying over M . By [6, Theorem 3.9, p. 240] or [1, Theorem 0,
p. 614], R is a finite R-module, hence R/M¯ is a finite R/M-module and R/M¯ is finite since
R/M is so. Since R is a Bezout domain, hence in particular a Prüfer domain, the localization
V := RM¯ is a valuation ring; the residue field of V is equal to RM¯/M¯RM¯ = R/M¯ , hence is finite.
Let Γ be the value group of V ; since R ⊆ V ⊆ K , we have a canonical surjective homomorphism
G0(R) := K∗/U(R) → K∗/U(V ) = Γ , hence Card(Γ ) Card(G0(R)) and Γ is denumerable
since G0(R) is so. Thus, K is the quotient field of a valuation ring V whose residue field is finite
and whose value group is denumerable. Then Card(K) Card(R) by Lemma 2.3. 
Proof of Theorem A. Suppose that (G1,O1) × (G2,O2) is a divisibility group. Then, by
Theorem 2.2, there exists a field K and two rings R1, R2 that admit K as a quotient field,
such that G(R1)  (G1,O1) and G(R2)  (G2,O2). Since G(R2)  (G2,O2), there exists a
surjective map K∗ → G2 and we therefore have Card(K)  Card(G2) > Card(R). On the
other hand, since (G1,O1) is a finitely generated divisibility group that is not lattice ordered,
we have Card(K)  Card(R) by Proposition 2.4. From this contradiction, we conclude that
(G1,O1)× (G2,O2) is not a divisibility group. 
In order to apply Theorem A, we have to exhibit some finitely generated divisibility groups
that are not lattice ordered. Finitely generated divisibility groups with torsion elements (hence
certainly not lattice ordered) are easily produced. In the explicit example that we shall give, if q
is the power of a prime number, Fq denotes the field with q elements.
Example 2.5. Let p be a prime number, r  1 and s  2 two integers and q := pr . Let R :=
Fq + XFqs [[X]]. Then G0(R)  Z ⊕ Z/(qs−1 + · · · + q + 1)Z. In particular, G(R) is a finitely
generated divisibility group that is not lattice ordered.
Proof. Let K be the quotient field of R. Clearly, R := Fqs [[X]] is the integral closure of R.
Consider the surjective map ψ :K∗/U(R) → K∗/U(R) defined by ψ(ξ +U(R)) = ξ +U(R).
The group K∗/U(R) is isomorphic to Z since R is a rank-one discrete valuation ring. Then
K∗/U(R)  Z ⊕ Kerψ  Z ⊕ (U(R)/U(R)) with U(R)/U(R) = (F∗qs + XFqs [[X]])/(F∗q +
XFqs [[X]])  F∗qs /F∗q which is a cyclic group of order qs−1 + · · · + q + 1. 
There also exist some finitely generated torsion free divisibility groups that are not lattice
ordered; they have been studied in [3]. As an explicit example, we can give:
Example 2.6. Let n 2. Let O := (N\{0})n ∪ {(0, . . . ,0)}. Then (Zn,O) is a divisibility group
that is not lattice ordered.
Proof. Consider the lattice ordered group (Zn,Nn). The set of ultra filters of the positive cone
N
n is F := {F1, . . . ,Fn} where Fi :=∏nj=1 Vj with Vj = N for every j = i and Vi = N∗. Note
that (
⋂n
Fi)∪ {(0, . . . ,0)} =O. Now, consider the (trivial) partition of F that is made of onlyi=1
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lattice ordered. 
If (G1,O1) and (G2,O2) are two divisibility groups, then by Theorem A, the product
(G1,O1) × (G2,O2) needs not be a divisibility group. It is to be noted however that in this
case, the (unordered) product G1 × G2 may very well accept some other order A such that
(G1 ×G2,A) is a divisibility order:
Example 2.7. Let (G1,O1) be a finitely generated torsion free divisibility group that is not lattice
ordered and (G2,O2) a torsion free divisibility group with Card(G2) > Card(R). Then,
(a) O1 ×O2 is not a divisibility order of G1 ×G2.
(b) There exists a total order A of G1 ×G2 that contains O1 ×O2.
Proof. (a) This is given by Theorem A. (b) That such a total orderA exists is clear since G1 ×G2
is torsion free and since O1 ×O2 is an order of G1 ×G2. 
3. The product of a finitely generated free divisibility group and a lattice ordered group
Let (Zm,O) be a free finitely generated divisibility group and (G2,L2) a lattice ordered group
with only finitely many ultra filters (for example a totally ordered group). If (Zm,O) is lattice
ordered, we already know by Jaffard that (Zm,O)×(G2,L2) is a divisibility group. The objective
of this section is to show that if (Zm,O) is not lattice ordered, then with respect to Question Q,
Card(R) is a critical value for Card(G2):
Theorem B. Let m 1 be an integer and (Zm,O) a free finitely generated divisibility group that
is not lattice ordered. Let (G2,L2) be a lattice ordered group with only finitely many ultra filters.
Then, the following statements are equivalent:
(i) (Zm,O)× (G2,L2) is a group of divisibility.
(ii) Card(G2) Card(R).
Of course, that (i) implies (ii) is given by Theorem A. For the converse, we shall need some
preliminary results.
Lemma 3.1. Let A ⊆ B be an extension of semi-quasi-local rings such that U(A) = U(B). Let
M1, . . . ,Ms,Ms+1, . . . ,Ms+u be the maximal ideals of A. For i ∈ {1, . . . , s, s + 1, . . . , s + u},
let Mi1, . . . ,Miti be the maximal ideals of B lying over Mi ; for i ∈ {s + 1, . . . , s + u}, suppose
that ti = 1. LetM(A) :=⋃s+ui=1 Mi andM(B) :=⋃s+ui=1 ⋃ti	=1 Mi	. Then
M(A) =
[
M(B)
∖ s⋃
i=1
ti⋃
	=1
Mi	
]
∪
⋃
J⊆{1,...,s}
J =φ
([⋂
j∈J
tj⋂
	=1
Mj	
]∖[ ⋃
k∈{1,...,s}\J
tk⋃
	=1
Mk	
])
.
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[3, Theorem 1(a), p. 738].
Let D0 := B and for i ∈ {1, . . . , s}, let
• Di := A+ (Mi1 ∩ · · · ∩Miti ∩Di−1),• Mi := {non-invertible elements of Di}.
Let i ∈ {1, . . . , s}. The only maximal ideals of B lying over Mi are Mi1, . . . ,Miti . Thus,
the only maximal ideals of Ds lying over Mi are Mi1 ∩ Ds, . . . ,Miti ∩ Ds ; however, by
[3, Lemma 5(b), p. 740], Mi1 ∩ Ds, . . . ,Miti ∩ Ds are all equal to Mi1 ∩ · · · ∩ Miti ∩ Ds−1.
Thus Mi1 ∩ · · · ∩Miti ∩Ds−1 is the only maximal ideal of Ds lying over Mi .
Let i ∈ {s + 1, . . . , s +u}. The only maximal ideal of B lying over Mi is Mi1. Thus Mi1 ∩Ds
is the only maximal ideal of Ds lying over Mi .
Thus A ⊆ Ds is an extension of semi-local rings with U(A) = U(Ds) (since A ⊆ Ds ⊆ B and
since U(A) = U(B)) such that all the maximal ideals of Ds intersect to distinct ideal of A. By
[3, Theorem 1(b), p. 738], this implies that A = Ds and therefore that M(A) =Ms . Now, it is
proved in [3, pp. 742–743] that
Ms =
⋃
J⊆{1,...,s}
([⋂
j∈J
tj⋂
	=1
Mj	
]∖[ ⋃
k∈{1,...,s}\J
tk⋃
	=1
Mk	
])
where among the subsets of {1, . . . , s}, we included J = φ for which we defined
⋂
j∈φ
tj⋂
	=1
Mj	 to be
⋃
1ks+u
1ttk
Mk	, i.e., to beM(B).
Separating J = φ from the other J ’s, we obtain the desired equality. 
Lemma 3.2. Let k be a field and X an indeterminate over k. Then, there exists T ⊆ k[[X]] such
that
• T is algebraically independent over k(X),
• Card(T ) = Card(R).
Proof. We first prove the result when k is denumerable. Clearly, k((X)) = k(X)(k[[X]]), hence
k[[X]] contains a transcendence basis T of k((X)) over k(X). Since we suppose k denumer-
able, then Card(k((X))) = Card(R) and k(X) is denumerable. Then, of course, T is not denu-
merable and we have Card(k(X,T )) = Card(k(X)[T ]) = Card(T ). Since k((X)) is algebraic
over k(X,T ), we also have Card(k((X))) = Card(T ) and therefore Card(R) = Card(k((X))) =
Card(T ). Thus, the lemma is proved in the case k is a denumerable field.
Now, if k is any field, let k0 be the prime field contained in k. By what was done above, there
exists T ⊆ k0[[X]] ⊆ k[[X]] such that Card(T ) = Card(R) and T is algebraically independent
over k0(X). By [11, p. 510], T is algebraically independent over k(X). 
The next result is a slight generalization of [2, Theorem 12, p. 728]:
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k be a field, Δ a set such that Card(Δ) Card(R) and S := {Y1, . . . , Ym} ∪ {Zδ; δ ∈ Δ} a set of
indeterminates over k. Then, there exists a finite family F of valuation rings of k(S) such that:
(i) ⋂V∈F V ⊃ k[S],
(ii) G(⋂V∈F V ) is order isomorphic to (Zm,L),
(iii) for every V ∈F , k is the residue field of V ,
(iv) for every V ∈ F , there exists i ∈ {1, . . . ,m} such that Yi belongs to the height-one prime
ideal of V .
Proof. The differences between this proposition and [2, Theorem 12, p. 728] are the following:
(1) We take Δ to be such that Card(Δ) Card(R) instead of Card(Δ) = Card(Z).
(2) The statement (iv) had not been made before.
We shall justify these modifications:
(1) The proof of [2, Theorem 12] starts with [2, Lemma 13, p. 729] in which we consider the
valuation ring k[[Yr ]] and observe that there exists a denumerable subset {πγ ;γ ∈ Γ } of Y 2r k[[Yr ]]
that is algebraically independent over k(Yr). By our Lemma 3.2, we see that there even exists
a subset {πγ ;γ ∈ Γ } of Y 2r k[[Yr ]] with cardinality equal to Card(R) (hence also one with car-
dinality equal to Card(Δ)) that is algebraically independent over k(Yr). Then, substituting the
denumerable algebraically independent set {πγ ;γ ∈ Γ } used in [2, Lemma 13] by this alge-
braically independent set of cardinality equal to Card(Δ), and following line by line the proofs
of [2, Lemmas 13, 14 and Theorem 12], we obtain the items (i)–(iii) of our Proposition 3.3.
(2) Property (iv) has not been explicitly given in the statement of [2, Theorem 12, p. 728],
but it appears inside the proof of the theorem; indeed, as observed in [2, formula (17), p. 731],
any valuation ring V ∈F is obtained as a subring Vγ of a certain valuation ring Wγ of K whose
height-one prime ideal contains some Yi . 
Proposition 3.4. Let k be a field. Let m  1 be an integer and L the positive cone of a lattice
order of Zm. Let (G2,L2) be a lattice ordered group that has only finitely many ultra filters and
such that Card(G2)  Card(R). Then, there exists a field K and two finite families {Vμ}μ∈M ,
{Wλ}λ∈Λ, of valuation rings of K such that:
• There exists an order isomorphism
ρ1 :G
( ⋂
μ∈M
Vμ
)
:=
(
K∗
/
U
( ⋂
μ∈M
Vμ
)
,
( ⋂
μ∈M
V ∗μ
)/
U
( ⋂
μ∈M
Vμ
))
→ (Zm,L).
• There exists an order isomorphism
ρ2 :G
(⋂
λ∈Λ
Wλ
)
:=
(
K∗
/
U
(⋂
λ∈Λ
Wλ
)
,
(⋂
λ∈Λ
W ∗λ
)/
U
(⋂
λ∈Λ
Wλ
))
→ (G2,L2).
• B := (⋂μ∈M Vμ)∩ (⋂λ∈ΛWλ) is a Bezout domain with quotient field K and the (diagonal)
map
Δ :G(B) → G
( ⋂
Vμ
)
× G
(⋂
Wλ
)
μ∈M λ∈Λ
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x ∈ K∗, Δ(xU(B))= (xU( ⋂
μ∈M
Vμ
)
, xU
(⋂
λ∈Λ
Wλ
))
, (1)
is an order isomorphism.
• For every μ ∈ M , k is the residue field of Vμ.
Proof. Let {Y1, . . . , Ym} ∪ {Zg;g ∈ L2} be a set of indeterminates over the field k. Since
Card(G2) Card(R), then by Proposition 3.3 there exists a finite family {Vμ}μ∈M of valuation
rings of the field K := k({Y1, . . . , Ym} ∪ {Zg;g ∈ L2}) such that:
• ⋂μ∈M Vμ ⊃ k[{Y1, . . . , Ym} ∪ {Zg;g ∈ L2}].• G(⋂μ∈M Vμ) is order isomorphic to (Zm,L).• For every μ ∈ M , k is the residue field of Vμ.
• For every μ ∈ M , there exists i ∈ {1, . . . ,m} such that Yi belongs to the height-one prime
ideal of Vμ.
Now, we shall follow the ideas of MacLane–Schilling in [11] and Ohm in [13] to construct
a family {Wλ}λ∈Λ of valuation rings of K = k(Y1, . . . , Ym)({Zg;g ∈ L2}), the intersection of
which has its divisibility group order isomorphic to (G2,L2). The group (G2,L2) is lattice or-
dered; we let {Fλ}λ∈Λ be the set of all the ultra filters of L2. For each λ ∈ Λ, let Hλ := 〈L2\Fλ〉
be the subgroup of G2 generated by the set L2\Fλ and let ψλ :G2 → G2/Hλ be the canonical
map. Let
ψ :G2 →
∏
λ∈Λ
(G2/Hλ)
be defined by ψ(g) = {ψλ(g)}λ∈Λ for g ∈ G2. By a theorem of Lorenzen [8, Theorem 2, p. 37],
the groups G2/Hλ are totally ordered and the map ψ is an injective homomorphism satisfying
the following order property:
∀g1, g2 ∈ G2, ψ
(
inf
G2
{g1, g2}
)
= inf∏
λ∈Λ(G2/Hλ)
{
ψ(g1),ψ(g2)
} (2)
(here, the order of G2/Hλ is the order induced from the order of G2 and the order of∏
λ∈Λ(G2/Hλ) is the cardinal order).
For every λ ∈ Λ, define the map
wλ :K
∗ = k(Y1, . . . , Ym)
({Zg;g ∈ L2})∗ → G2/Hλ
in the following way:
• for a monomial ξ := aZr1g1 . . .Zrtgt with 0 = a ∈ k(Y1, . . . , Ym),
wλ(ξ) = r1ψλ(g1)+ · · · + rtψλ(gt ) = ψλ(r1g1 + · · · + rtgt ),
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wλ(ξ1 + · · · + ξs) = inf
{
wλ(ξ1), . . . ,wλ(ξs)
}
,
• for ξ1 + · · · + ξs and η1 + · · · + ηt two sums of distinct monomials,
wλ
(
(ξ1 + · · · + ξs)/(η1 + · · · + ηt )
)= wλ(ξ1 + · · · + ξs)−wλ(η1 + · · · + ηt ).
It is routine to check that wλ is a valuation of K . We let Wλ be the valuation ring of wλ.
Now, consider the map
w :K∗ →
∏
λ∈Λ
(G2/Hλ)
defined by w(α) = {wλ(α)}λ∈Λ for α ∈ K∗.
It is immediate to check that for every α1, α2 ∈ K∗, w satisfies the following properties:
• w(α1α2) = w(α1)+w(α2),
• w(α1 + α2) inf{w(α1),w(α2)} if α1 + α2 = 0,
• w(−1) = 0;
thus w is a semi-valuation of K with (w(K∗), order induced form the order of
∏
λ∈Λ(G2/Hλ)) as
semi-value group. We claim that w(K∗) = ψ(G2). Indeed, on one hand, since (G2,L2) is lattice
ordered, every element of G2 is equal to the difference of two elements of L2 [5, Theorem (15.4),
p. 158] and we easily get ψ(G2) ⊆ w(K∗). On the other hand, since ψ satisfies (2), we get
w(K∗) ⊆ ψ(G2). Then, taking again (2) into account, we obtain that w is a semi-valuation of
K with semi-value group order isomorphic to (G2,L2) and, taking Rw := {α ∈ K∗;w(α) 
0} ∪ {0}, we see that (K∗/U(Rw),R∗w/U(Rw)) is order isomorphic to (G2,L2). Furthermore,
since every element of G2 is the difference of two elements of L2, we get that K is the quotient
field of Rw and therefore that (K∗/U(Rw), K∗w/U(Rw)) is the divisibility group of Rw . Finally,
observing that Rw =⋂λ∈ΛWλ, we obtain that G(⋂λ∈ΛWλ) is order isomorphic to (G2,L2).
Let B := (⋂μ∈M Vμ) ∩ (⋂λ∈ΛWλ). Since every Vμ and every Wλ has quotient field K and
since both sets M and Λ are finite, then by [9, Theorem 107, p. 78], B is a Bezout domain and
by [12, (11.11), p. 38], K is the quotient field of B . Furthermore, if μ is any element of M and λ
any element of Λ, and if T is any valuation ring of K that contains both Vμ and Wλ, then T has
to be the whole field K since by construction, the height-one prime ideal of Vμ contains some
element Yi , element that is invertible in Wλ hence also invertible in T . Then, by [2, Theorem 3,
p. 717], the diagonal map Δ defined by (1) is an order isomorphism. 
We shall also need the following result of [3]:
Proposition 3.5 (Doering–Lequain). Let m 1 be an integer and O the positive cone of a divis-
ibility order of Zm. Then,
• there exists a lattice order of Zm with positive cone L,
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O =
⋃
J⊆{1,...,s}
([⋂
j∈J
⋂
F∈Fj
F
]∖[ ⋃
k∈{1,...,s}\J
⋃
F∈Fk
F
])
∪ {(0, . . . ,0)}. (3)
Proof. This is given by [3, Proposition 8, p. 747 and Theorem 7(a), p. 744]. 
Definition 3.6. Let (Zm,O) be a divisibility group. The trio (Zm,L, {F1, . . . ,Fs}) given by
Proposition 3.5 is called the lattice representation of (Zm,O).
Proof of Theorem B. (i) ⇒ (ii). This is given by Theorem A.
(ii) ⇒ (i). Let (Zm,L, {F1, . . . ,Fs}) be the lattice representation of (Zm,O). By definition,
the equality (3) is satisfied. Applying Proposition 3.4 with k := the field with two elements
F2, there exist a field K , two families {Vμ}μ∈M , {Wλ}λ∈Λ of valuation rings of K and two order
isomorphisms ρ1 :G(
⋂
μ∈M Vμ) → (Zm,L), ρ2 :G(
⋂
λ∈ΛWλ) → (G2,L2), such that, with B :=
(
⋂
μ∈M Vμ) ∩ (
⋂
λ∈Λ Wλ), the (diagonal) map defined by (1) is an order isomorphism and such
that
• for every μ ∈ M , F2 is the residue field of Vμ. (4)
Of course, (ρ1 × ρ2) ◦ Δ is an order isomorphism from G(B) onto (Zm,L) × (G2,L2); we
shall construct a subring A of B such that G(A) is order isomorphic to (Zm,O)× (G2,L2).
Let ⎧⎨
⎩
ϕ1 :K∗ → K∗/U(⋂μ∈M Vμ),
ϕ2 :K∗ → K∗/U(⋂λ∈ΛWλ),
ϕ :B∗ → K∗/U(B)
be the canonical homomorphisms.
First observe that if M is any maximal ideal of
⋂
μ∈M Vμ, then there exists μ0 ∈ M such
that, if we denote byMμ0 the maximal ideal of Vμ0 , we haveM=Mμ0 ∩ (
⋂
μ∈M Vμ), hence
B/(M∩B) ⊆ (⋂μ∈M Vμ)/M⊆ Vμ0/Mμ0 = F2 by (4). Hence we have
• for everyM ∈ Max
( ⋂
μ∈M
Vμ
)
, B/M∩B = F2. (5)
Now, by [9, Theorem 107, p. 78], ⋂μ∈M Vμ is a Bezout domain and we know that, by
construction, ρ1 :G(
⋂
μ∈M Vμ) → (Zm,L) is an order isomorphism. By hypothesis, F is the
set of all the ultra filters of L. Then, by [15, Theorem 2.2, p. 464], {ϕ−11 ◦ ρ−11 (F );F ∈F} = Max(⋂μ∈M Vμ). By definition, L × L2 is the positive cone of the lattice ordered
group (Zm,L) × (G2,L2) and, clearly, {F × L2;F ∈ F} ⊆ {ultra filters of L × L2}. As ob-
served before, (ρ1 × ρ2) ◦ Δ :G(B) → (Zm,L) × (G2,L2) is an order isomorphism; since
by [9, Theorem 107, p. 78] B := (⋂μ∈M Vμ) ∩ (⋂λ∈ΛWλ) is a Bezout domain, then again
by [15, Theorem 2.2, p. 464], {ϕ−1 ◦ Δ−1 ◦ (ρ1 ◦ ρ2)−1(F × L2);F ∈ F} = {M ∩ B;M ∈
Max(
⋂
μ∈M Vμ)}. When F ∈F , we shall denote ϕ−1 ◦Δ−1 ◦ (ρ1 ◦ ρ2)−1(F ×L2) byMF×L2 .
By definition, {F1, . . . ,Fs} is a partition of F which, by (3), determines the divisibility or-
der O. Take
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s⋂
i=1
[(
B
∖ ⋃
F∈Fi
MF×L2
)
∪
( ⋂
F∈Fi
MF×L2
)]
.
Clearly,
{{MF×L2; F ∈F1}, . . . , {MF×L2;F ∈F1}}
is a partition of
{
M∩B; M ∈ Max
( ⋂
μ∈M
Vμ
)}
.
Since B/MF×L2 = F2 for every F ∈F by (5), then by [4, Theorem 9, p. 287], A is a subring of
B , with quotient field K such that:
• For every i ∈ {1, . . . , s}, Pi :=⋂F∈FiMF×L2 ∩A is a maximal ideal of A and {MF×L2;F ∈Fi} = {maximal ideals of B lying over Pi}.
• For every Q ∈ Max(B)\{MF×L2;F ∈ F}, Q is the only maximal ideal of B lying over
Q∩A.
• U(A) = U(B).
LetM(B) :=⋃N∈Max(B) N andM(A) :=⋃N∈Max(B) N ∩A. By Lemma 3.1, we have
M(A) = C ∪E (6)
with C :=M(B)\⋃F∈FMF×L2 , i.e.,
C =
{
x ∈ B;x non-unit in B, x unit in
⋂
μ∈M
Vμ
}
(7)
and
E :=
⋃
J⊆{1,...,s}
J =φ
([⋂
j∈J
⋂
F∈Fj
MF×L2
]∖[ ⋃
k∈{1,...,s}\J
⋃
F∈Fk
MF×L2
])
. (8)
The divisibility group G(A) := (K∗/U(A),A∗/U(A)) is equal to (K∗/U(B),A∗/U(B)) since
U(A) = U(B). The set of strictly positive elements of G(A) is (M(A)\{0})U(B) and by (6), we
have
(ρ1 × ρ2) ◦Δ
((M(A)\{0})U(B))= (ρ1 × ρ2) ◦Δ((CU(B))∪ (ρ1 × ρ2) ◦Δ(E\{0})U(B)).
By (7), we have
(ρ1 × ρ2) ◦Δ
(
CU(B)
)
= {strictly positive elements of (Zm,L)× (G2,L2) whose first coordinate is 0}
= {0} × (L2\{0}).
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(ρ1 × ρ2) ◦Δ
((
E\{0})U(B))
=
⋃
J⊆{1,...,s}
J =φ
([⋂
j∈J
⋂
F∈Fj
(F ×L2)
]∖[ ⋃
k∈{1,...,s}\J
⋃
F∈Fk
(F ×L2)
])
=
⋃
J⊆{1,...,s}
J =φ
([⋂
j∈J
⋂
F∈Fj
F
]∖[ ⋃
k∈{1,...,s}\J
⋃
F∈Fk
F
])
×L2
= (O\{0})×L2.
Thus we obtain that (ρ1 ◦ ρ2) ◦ Δ((M(A)\{0})U(B)) = (O × L2)\{(0,0)} and therefore that
G(A)  (Zm ×G2,O×L2). In particular, (Zm,O)× (G2,L2) is a divisibility group. 
4. The product of two finitely generated free divisibility groups
The objective of this section is to show that in the class of finitely generated free divisibility
groups, Question Q has a positive answer:
Theorem C. Let m,n 1 be two integers. Let (Zm×O1) and (Zn,O2) be two divisibility groups.
Then, (ZmO1)× (Zn,O2) is a divisibility group.
We first prove a lemma:
Lemma 4.1. Let m,n 1 be two integers. Let (Zm,L1), (Zn,L2) be two lattice ordered groups,
F the set of ultra filters of L1, G the set of ultra filters of L2. Let F1, . . . ,Fr be a partition of F ,
G1, . . . ,Gt a partition of G. Then,
(a) (Zm,L1)× (Zn,L2) := (Zm+n,L1 ×L2) is a lattice ordered group.
(b) {ultra filters of L1 ×L2} = {F ×L2;F ∈F} ∪ {L1 ×G;G ∈ G}.
(c) {F × L2;F ∈ F1}, . . . , {F × L2;F ∈ Fr}, {L1 × G;G ∈ G1}, . . . , {L1 × G;G ∈ Gt } is a
partition of {ultra filters of L1 ×L2}.
(d)
[( ⋃
I⊆{1,...,r}
I =φ
([⋂
i∈I
⋂
F∈Fi
F
]∖[ ⋃
k∈{1,...,r}\I
⋃
F∈Fk
F
]))
∪ {(0, . . . ,0)}]
×
[( ⋃
J⊆{1,...,t}
J =φ
([⋂
j∈J
⋂
G∈Gj
G
]∖[ ⋃
	∈{1,...,t}\J
⋃
G∈G	
G
]))
∪ {(0, . . . ,0)}]
= A1 ∪A2 ∪A3 ∪
{
(0, . . . ,0,0, . . . ,0)
}
where
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⋃
I⊆{1,...,r}
J⊆{1,...,t}
I =φ =J
([ ⋂
i∈I
j∈J
⋂
F∈Fi
G∈Gj
(F ×L2)∩ (L1 ×G)
]
∖[ ⋃
k∈{1,...,r}\I
	∈{1,...,t}\J
⋃
F∈Fk
G∈G	
(F ×L2)∪ (L1 ×G)
])
,
A2 :=
⋃
I⊆{1,...,r}
I =φ
([⋂
i∈I
⋂
F∈Fi
F ×L2
]∖[ ⋃
k∈{1,...,r}\I
	∈{1,...,t}
⋃
F∈Fk
G∈G	
(F ×L2)∪ (L1 ×G)
])
,
A3 :=
⋃
J⊆{1,...,t}
J =φ
([⋂
j∈J
⋂
G∈Gj
L1 ×G
]∖[ ⋃
k∈{1,...,r}
	∈{1,...,t}\J
⋃
F∈Fk
G∈G	
(F ×L2)∪ (L1 ×G)
])
.
Proof. (a)–(c). These are routine verifications.
(d) It is clear that we have
( ⋃
I⊆{1,...,r}
I =φ
([⋂
i∈I
⋂
F∈Fi
F
]∖[ ⋃
k∈{1,...,r}\I
⋃
F∈Fk
F
]))
×
( ⋃
J⊆{1,...,t}
J =φ
([⋂
j∈J
⋂
G∈Gj
G
]∖[ ⋃
	∈{1,...,t}\J
⋃
G∈G	
G
]))
= A1.
Now, since L2 = (⋃j∈{1,...,t}⋃G∈Gj G)∪{(0, . . . ,0)} and (0, . . . ,0) /∈⋃j∈{1,...,t}⋃G∈Gj G, we
easily get
⋃
I⊆{1,...,r}
I =φ
([⋂
i∈I
⋂
F∈Fi
F
]∖[ ⋃
k∈{1,...,r}\I
⋃
F∈Fk
F
])
× {(0, . . . ,0)}= A2.
Similarly, since L1 = (⋃i∈{1,...,r}⋃F∈Fi F )∪{(0, . . . ,0)} and (0, . . . ,0) /∈⋃i∈{1,...,r}⋃F∈Fi F ,
we easily get
{
(0, . . . ,0)
}× ⋃
J⊆{1,...,t}
J =φ
([⋂
j∈J
⋂
G∈Gj
G
]∖[ ⋃
	∈{1,...,t}\J
⋃
G∈G	
G
])
= A3. 
Proof of Theorem C. Let (Zm,L1, {F1, . . . ,Fr}) be the lattice representation of (Zm,O1) and
(Zn,L2, {G1, . . . ,Gt }) that of (Zn,O2). By definition, we have
O1 =
⋃ ([⋂ ⋂
F
]∖[ ⋃ ⋃
F
])
∪ {(0, . . . ,0)},I⊆{1,...,r} i∈I F∈Fi k={1,...,r}\I F∈Fk
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⋃
J⊆{1,...,t}
([⋂
j∈J
⋂
G∈Gj
G
]∖[ ⋃
	={1,...,t}\J
⋃
G∈G	
G
])
∪ {(0, . . . ,0)}.
Let
H1 := {F ×L2;F ∈F1}, . . . ,Hr := {F ×L2;F ∈Fr},
Hr+1 := {L1 ×G;G ∈ G1}, . . . ,Hr+t := {L1 ×G;G ∈ Gt }.
By Lemma 4.1(d), we have
O1 ×O2 =
⋃
P⊆{1,...,r+t}
P =φ
([ ⋂
p∈P
⋂
H∈Hp
H
]∖[ ⋃
q∈{1,...,r+t}\P
⋃
H∈Hq
H
])
∪ {(0, . . . ,0)};
by Lemma 4.1(c), H1, . . . ,Hr+t is a partition of the set {ultra filters of L1 × L2}; then, by
[3, Theorem 7(b), p. 744], O1 ×O2 is the positive cone of a divisibility order of Zm+n. Thus
(Zm,O1) × (Zn,O2) is a divisibility group and (Zm+n,L1 × L2, {H1, . . . ,Hr}) is its lattice
representation. 
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